Abstract. The Weierstrass representation for minimal surfaces in R 3 provides a flexible method for constructing minimal surfaces of arbitrary genus. The topological limitations of minimal surfaces interfere with this providing a more general geometric modeling tool. Minimal surfaces lie in the larger class of harmonic surfaces, which in general don't have the same topological limitations of minimal surfaces and can have complicated embedded ends. In this paper we demonstrate the flexibility of using the Weierstrass representation for harmonic surfaces to combine embedded harmonic ends together to construct embedded harmonic surfaces of arbitrary genus.
Introduction
In [16] , Weber outlined a method for constructing surfaces in R 3 whose parametrization is given by harmonic coordinate functions. The most well known surfaces of this type are minimal surfaces. As shown in [3] , there is a vast array of embedded harmonic ends, which can be combined together in surprising ways to construct embedded surfaces.
We call a surface harmonic if it is possible to find a parametrization whose coordinate functions are harmonic. Many harmonic surfaces are graphs over the xy-plane, for example the surface in figure 1 with parametrization f (x, y) = (x, y, x 3 /3 − xy 2 ). Among the most well known harmonic surfaces are minimal surfaces, with the Weierstrass representation for a minimal surface providing a harmonic parametrization. This method concocts the coordinate functions of the parametrization by taking the real part of the integral of meromorphic one-forms.
In the case of minimal surfaces, there is a well-defined limiting normal vector at each end. In [6] , Karcher illustrated a method of constructing minimal surfaces with prescribed geometry, utilizing the Weierstrass representation and the nice behavior of the normal vector. Harmonic surfaces, in general, don't have a well-defined limiting normal vector at each end. However, the Weierstrass representation still offers a convenient way to construct harmonic surfaces, and the usual obstacle of solving the period problem isn't an issue with harmonic surfaces. There are interesting applications of harmonic surfaces to the field of computer aided geometric design. In [11] , Monterde and Ugail used harmonic Bézier surfaces to generate surfaces with prescribed boundaries. Harmonic surfaces provide a rich source of easy to construct non-positively curved surfaces that can be used to solve free boundary value problems.
There are many different types of embedded harmonic ends which can be combined in different combinations to construct embedded surfaces with desired end behavior. These ends can be expressed using the Weierstrass representation. In turn, the Weierstrass representations of a group of ends can be easily combined to construct the Weierstrass representation of a surface with that group of ends.
Additionally, it is possible to construct harmonic surfaces of arbitrary genus. Other than keeping the surface embedded, there is no restriction on the location and size of the handles. For example, there is only a genus zero minimal catenoid. Whereas one can construct harmonic catenoids of arbitrary genus, with no restrictions on the location of the handles. This provides a great deal of flexibility to design nonpositively curved surfaces of any genus.
There are numerous modeling applications of minimal surfaces in fields such as architecture, aviation, biology, and nano structures [5, 12, 13, 14] , and any minimal surface can be approximated by a harmonic surface. Scherk's doubly periodic minimal surface, for example, can be modified by adding a variety of handles with different locations and sizes. The resulting harmonic surface won't necessarily remain a minimal surface, but it can be viewed as an approximation of a minimal surface, with the ends asymptotic to minimal ends. Harmonic surfaces provide flexible approximations of minimal surfaces that can be used in any field that utilizes minimal surfaces. This paper demonstrates how to construct examples of harmonic surfaces with prescribed geometry. In section 2, we discuss some background information and terms that will be used in the paper. In section 3, we construct an embedded genus zero surface with a finite number of parallel planes by gluing planes between the top and bottom ends of a catenoid. In section 4, we illustrate how to construct examples of arbitrary genus with two orthogonal symmetry planes. In section 5, we show the flexibility of harmonic surfaces by adding handles in different locations to Scherk's doubly periodic surface. In section 6, we illustrate how to construct harmonic tori with no restrictions on the placement of the handle.
Background information
The study of harmonic immersions in R 3 began in the 1960's with a series of papers by Klotz [7, 8, 9, 10, 18] that studied the Gauss map of harmonic immersions and its quasiconformal properties. Alarcón and López [1] continued the development of the global theory of harmonic immersions, proving that a complete harmonic immersion in R 3 has finite L 2 norm of the shape operator ( |S| 2 dA < ∞) if and only if the domain of the surface is conformally a compact Riemann surface with finitely many punctures and the Gauss map extends continuously to the punctures.
Let X be a compact Riemann surface, X = X − {p 1 , . . . , p m }, and ω 1 , ω 2 , ω 3 meromorphic one-forms on X that are holomorphic on X . If
where γ is any closed curve in X (period problem), then
defines a harmonic map from X into R 3 with ends at p 1 , . . . , p m . It's image M = f (X ) is called a harmonic surface, and the pair (X , (ω 1 , ω 2 , ω 2 )) is referred to as the Weierstrass representation of M . If one also requires that
then f is a conformal map, and the image f (X ) is a minimal surface.
Let n j = max{n 
has an end at z = 0 of type (1, 2, 2) and an end at z = ∞ of type (0, 1, 2). See figure 2c.
It was proven in [2] that if f is an immersion then the total Gauss curvature of M is
where χ(X) is the Euler characteristic of X. The Gauss map N : X → S 2 is given by
, and it extends continuously to p j iff the end at p j is of type (n j 1 , n j 2 , n j 2 ). Note that an end at p j is of type (n j 1 , n j 2 , n j 2 ) iff there is a real affine transformation R such that the pole orders of the end at
The harmonic graph in figure 1 has Weierstrass representation
It has one end at z = ∞ of type (2, 2, 4), and so it doesn't have a well-defined limiting normal at its end. The surfaces in figures 2a and 2b also don't have a well-defined limiting normal at their ends. The surface in figure 2c has a well-defined limiting normal at z = 0 but not at z = ∞. Lemma 2.11 in [3] states that an end of type (n 1 , n 2 , n 2 ) with n 2 > 2 cannot be embedded. Hence, the only embedded harmonic ends for which the Gauss map extends continuously to the end are planes and catenoids -affinely equivalent to an end of type (0, 2, 2) or (1, 2, 2), respectively.
Solving the period problem
Solving the period problem for a minimal surface is often a serious technical challenge, in particular for higher genus surfaces. The technical difficulties arising from the period problem for harmonic surfaces are dealt with by adding combinations of holomorphic one-forms to ω 1 , ω 2 , and ω 3 as necessary to close the periods. This is done by utilizing the fact that there is a one-to-one correspondence between the real parts of the periods of a compact Riemann surface X and a basis for holomorphic one-forms on X. In section four, this is implemented on hyperelliptic Riemann surfaces of arbitrary genus. In section five, this is implemented on a rectangular torus using the holomorphic one-form dz.
If X is a hyperelliptic Riemann surface given by the equation
then Corollary 1 on page 98 of [4] states that "the g differentials
form a basis for the abelian differentials of the first kind on X." Thus, if ω 1 , ω 2 , and ω 3 are one-forms on X and A j , B j , j = 1, 2, . . . , g is a canonical homology basis for X then there exist λ k ∈ C, k = 1, 2, . . . , 3g such that 
The modified one-formsω k have no periods on X, and they have the same end behavior at the poles of the ω k because the terms added to each ω k are holomorphic on X.
Stacking parallel planes
One of the simplest types of embedded ends is a planar end. Riemann's minimal surface is a singly periodic embedded minimal surface consisting of a sequence of horizontal planar ends with consecutive planes connected by catenoid-shaped necks. It was proven in [15] that a finite Riemann minimal surface with a horizontal planar end and two catenoid ends can't be embedded because the catenoid ends must have non-vertical limiting normals. It is possible to create an embedded harmonic example with any number of horizontal planar ends stacked between two catenoid ends with vertical limiting normals. See figure 3 for an example with 5 planar and 2 catenoid ends. Proof. An end of type (1, 2, 2) at z = a, after rotating and rescaling if necessary, is of the form
with α ∈ R and limiting normal N (a) = (0, 0, α/|α|). An end of type (0, 2, 2) at z = a, after rotating and rescaling if necessary, is of the form
with β ∈ R, h holomorphic at z = a, and limiting normal N (a) = (0, 0, β/|β|).
Let's construct the surface so that the ends are placed at k ∈ Z, −n ≤ k ≤ n. Place a catenoid end at z = −n opening downward, a catenoid end at z = n opening upward, and planar ends at z = k, −n < k < n. We want the ends to be in ascending order from z = −n to z = n. This is achieved by setting
so that the third coordinate of f is given by
Fix the limiting normal N (0) = (0, 0, 1). The limiting normal at successive levels must alternate between (0, 0, 1) and (0, 0, −1). Hence, the planar ends at z = ±k are given by the data
Combining the data from each end, we get X = C − {0, ±1, ±2, . . . , ±n} and
The periods can be computed as residues since the domain X is a punctured sphere, and the residues of ω 1 , ω 2 , and ω 3 are all real. Thus, the period problem is automatically solved, and (ω 1 , ω 2 , ω 3 ) is the Weierstrass data for a harmonic surface with catenoid ends at z = ±n and planar ends at z = k, n < k < n. The end at z = k is embedded with limiting normal N (k) = (0, 0, (−1) k ), for −n ≤ k ≤ n.
Constructing higher genus examples
There is a simple procedure for producing higher genus surfaces with two orthogonal symmetry planes. Surfaces with two ends of this type can be constructed by combining ends of type (0, 0, 1), (0, 1, 2), (0, 2, 3), (1, 2, 2), and (2, 2, 3). In this section, we construct a template for surfaces of arbitrary genus with two ends of type (0, 1, 2). The prototype for this is the genus zero surface defined on C − {0} by
with ends of type (0, 1, 2) at z = 0 and z = ∞. See figure 2a . Let
a genus n hyperelliptic Riemann surface. Assume that a k ∈ R for k = 1, 2, . . . , 2n. Then, τ (z, w) = (z, −w) and σ(z, w) = (z, w) are automorphisms of X. The pairs of points (a 2k−1 , 0), (a 2k , 0) ∈ X will correspond to a handle on the surface we are constructing. Assuming the period problem is solved, the one forms
provide the Weierstrass data for a harmonic surface with domain X and ends of type (0, 1, 2) at (0, 0) and (∞, ∞), whose map is
As discussed in section 2.1, the period problem is solved by adding multiples of the holomorphic one-forms z k−1 dz w , k = 1, 2, . . . , n to ω 1 and ω 2 to solve the period problem. As they are holomorphic on X, they won't affect the end behavior of the surface we are constructing. There are no periods of ω 3 . This yields the following theorem.
is the Weierstrass data for an embedded harmonic surface of genus n with two ends of type (0, 1, 2).
Note that τ * (ω 1 , ω 2 , ω 3 ) = (−ω 1 , ω 2 , ω 3 ) and σ * (ω 1 , ω 2 , ω 3 ) = (ω 1 , −ω 2 , ω 3 ). Thus, τ and σ induce reflections in planes parallel to the x 2 x 3 -plane and x 1 x 3 -plane, respectively. Hence, the image f (X) has two symmetry planes and can be split into four simply connected pieces. One fundamental domain is X 1 = {(z, w) ∈ X|z, w > 0} -see figure 4a . The boundary curves on the left and right are the images of the positive and negative real axis, respectively. So, if a k > 0 for all k or a k < 0 for all k then the handles will all lie along one of the two symmetry curves. See figure 4b for an example with the handles added along the image of the positive real axis. a 2 , a 3 , a 4 , a 5 , a 6 , a 7 , a 8 
See figure 5 . The handles will be added along the left boundary curve of f (X 1 ), as in figure 4b . From the bottom to the top, the handles will lie between the images of the pairs (a 1 , a 2 ), (a 3 , a 4 ), (a 5 , a 6 ), and (a 7 , a 8 ). In this case, See figure 6 . With this example, the two lower handles, between the images of the pairs (a 1 , a 2 ) and (a 3 , a 4 ), will be added along the left boundary curve of f (X 1 ) in figure 4a . The two upper handles, between the images of the pairs (a 5 , a 6 ) and (a 7 , a 8 ), will be added along the right boundary curve of f (X 1 ) in figure 4a. In this case, 
This produces an embedded, genus four surface with ends of type (0, 1, 2) and (0, 2, 3). See figure 7. 5 Adding handles to Scherk's doubly periodic minimal surface
As proven by Weber and Wolf in [17] , for each n ≥ 0 there exists an embedded, doubly periodic, genus n minimal surface with four Scherk ends in the quotient. Each surface lies in a one-parameter family, with the parameter given by the angle between the top and bottom ends. Thus, there is very little flexibility as to how one adds the handles to Scherk's doubly periodic surface. If we drop the minimal condition then it is possible to produce embedded, doubly periodic harmonic surfaces with Scherk ends of arbitrary genus, where you can choose the precise location and direction of the handles. Let's consider how we can add two handles to Scherk's surface. Assume that the top and bottom ends are orthogonal and that there are two orthogonal symmetry planes. This allows for working with a genus zero fundamental domain that has two ends. We can explicitly write down the Weierstrass representation for these surfaces, proceeding as if we are creating a minimal surface with
where g is the composition of stereographic projection with the Gauss map. The normal vector will be vertical at the top and bottom of the two handles on the surface. One representation of Scherk's surface is given by
which places Scherk ends at 0 and ∞. The surface normal points up at z = −a 1 and down at z = a 1 . See figure 8a. The easiest places to add handles are along the two vertical curves in the symmetry planes, as shown in figure 8b. These curves are the image of the positive and negative real axes. Let's demonstrate adding handles along the positive real axis. Note that it isn't difficult to add handles along both curves. Alternatively, we can change the direction of a handle. The surfaces in figure  10 have handles that open in the same direction. We could adjust the Weierstrass representation so the upper handle opens inward. In that case, we switch the value of g at a 3 and a 4 from the previous example, which forces the normal at a 2 and a 3 to be (0, 0, 1). The Weierstrass representation is 
In this case, the period problem is given by the equations Then there exists λ 1 , λ 2 , λ 3 , λ 4 ∈ C such that
is the Weierstrass representation for a genus two doubly periodic harmonic surface with orthogonal top and bottom Scherk ends. There is one handle between every consecutive pair of ends. 
Harmonic tori
If we restrict to harmonic tori then there is a great deal more flexibility for the placement of the handle, and we don't need to restrict to examples with two orthogonal symmetry planes as in the previous section. We can, for example, construct a harmonic torus with one end of type (2, 2, 4) . The example in figure 1 has a single end at ∞ of type (2, 2, 4) and Weierstrass data (ω 1 , ω 2 , ω 3 ) = (1, −i, z 2 ). Consider the rectangular torus Λ spanned by 1 and τ . Theta functions on Λ of the form
can be used to construct meromorphic one-forms on Λ. As shown in [15] and [19] ;
has a zero of order α i at a i , a pole of order β k at b i , and satisfies
We can use this lemma to construct ω 1 , ω 2 , and ω 3 on any torus corresponding to the Weierstrass data of an embedded harmonic tori with one end of type (2, 2, 4). The one-form dz is holomorphic on Λ, and as discussed in section 2.1, it can be used to solve the period problem. Proof. An end of type (2, 2, 4) at z = 1/2 is given by the one-forms The higher order terms were added to ω 3 to ensure the surface is embedded. In order to solve the period problem, let (α k , β k ) = Re
1+.3i
.3i
ω k , Im Shifting the end from z = 1/2 to z = 1/3 slightly deforms the surface. In this case, we don't need to add any higher order terms to ω 3 to ensure the surface is embedded. Theorem 6.3. Let Λ be the rectangular torus spanned by 1 and τ = 1.2i. There is a harmonic torus on Λ with one end of type (2, 2, 4) at z = 1/3. See figure 13. Then,ω 1 = ω 1 + (α 1 + iβ 1 )dz ω 2 = ω 2 + (α 2 + iβ 2 )dz ω 3 = ω 3 + (α 3 + iβ 3 )dz is the Weierstrass representation for a harmonic torus on Λ with an end of type (2, 2, 4) at z = 1/3.
